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MINIMAX PERIODIC ORBITS OF CONVEX LAGRANGIAN
SYSTEMS ON COMPLETE RIEMANNIAN MANIFOLDS
WENMIN GONG
Abstract. In this paper we study the existence of periodic orbits with pre-
scribed energy levels of convex Lagrangian systems on complete Riemannian
manifolds. We extend the existence results of Contreras by developing a mod-
ified minimax principal to a class of Lagrangian systems on noncompact Rie-
mannian manifolds, namely the so called L − shrinking Lagrangian systems.
In particular, we prove that for almost every k ∈ (0, cu(L)) the exact magnetic
flow associated to a L − shrinking Lagrangian has a contractible periodic or-
bit with energy k. We also discuss the existence and non-existence of closed
geodesics on the product Riemannian manifold R×M .
1. Introduction
Let M be an m-dimensional complete Riemannian manifold without boundary.
Throughout this paper we shall suppose that L : TM → R is a smooth Lagrangian
satisfying:
(C1) Convexity: for every (x, v) ∈ TM , the second derivative along the fibers
Lvv(x, v) is uniformly positive definite, namely, in linear coordinates on
the fiber TxM , there is a A1 > 0 such that
w · Lvv(x, v) · w ≥ A1|w|2 ∀(x, v) ∈ TM and w ∈ TxM.
(C2) Superlinearity: For all R ≥ 0 there is C(R) ≥ 0 such that
L(x, v) ≥ R|v| −C(R).
(C3) Boundedness: supx∈M |Lv(x, 0)| < +∞ and for every r > 0,
a(r) = sup
(x,v)∈TM,
|v|<r
L(x, v) < +∞, b(r) = sup
|w|=1,
|v|<r
w · Lvv(x, v) · w < +∞.
(C3) implies that the Hamiltonian associated to L is convex and superlinear.
Typical Lagrangians (the so called electromagnetic Lagrangians) of the form
L(x, v) =
1
2
|v|2x + θx(v) + V (x)
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satisfy the conditions (1)–(3) provided that the norm of the one-form ‖θ‖ and the
function V on M are bounded, where ‖ · ‖ is induced by the Riemannian metric
on M .
The Euler-Lagrange flow φtL : TM → TM associated to the Lagrangian L defined
as above satisfies
φtL(γ(0), γ˙(t)) = (γ(t), γ˙(t)),
where γ : R→M is a smooth solution of the Euler-Lagrange equation
(1)
d
dt
∂L
∂v
(
γ(t), γ˙(t)
) − ∂L
∂x
(
γ(t), γ˙(t)
)
= 0.
The Euler-Lagrange flow is complete, see [11, 16]. The energy function associated
to the above Lagrangian EL : TM → R is defined as
EL(x, v) = Lv(x, v)[v] − L(x, v).
Since the Lagrangian L is time-independent, the solutions of (1) are contained in
the energy hypersurface E−1L (k). Moreover, the periodic orbits with energy k of
the Euler-Lagrange flow correspond to the critical points of the free period action
functional
Sk : W 1,2(R/Z,M) × (0,∞) −→ R,
Sk(x, T ) =
∫ 1
0
TL
(
x(t),
x˙(t)
T
)
dt+ kT,
=
∫ T
0
L(γ(s), γ˙(s))ds+ kT,
where γ(s) = x(s/T ).
In this article we continue the study of the existence of convex Lagrangians on
non-compact Riemannian manifolds that we began in [22]. There the author
proved that for the flow of an electromagnetic Lagrangian L every energy level
E−1L (k) with k larger than some threshold contains a non-contractible periodic
orbit under certain curvature conditions provided that the set of lengths of all
closed curve belonging to a given free homotopy class has a positive minimum.
The critical energy known as Man˜e´ critical value defined by
c(L) := inf
{
k ∈ R∣∣Sk(γ) ≥ 0 for every smooth closed curve γ on M}.
is very useful since it marks a change in the dynamics and topology [26, 27, 13, 14].
For our purpose, an important role will be played by two critical values which are
defined as
e0(L) := max
x∈M
EL(x, 0),
cu(L) := inf
{
k ∈ R∣∣Sk(γ) ≥ 0 for every smooth contractible curve γ on M}.
Here cu(L) is called Man˜e´ critical value of the universal cover, see [12, 15].
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Since we are mainly interesting in finding periodic solutions of the Euler-Lagrange
equation with prescribed energies, without loss of generality we may further as-
sume that L is quadratic at infinity, which means that there exists a sufficiently
large R > 0 such that L(x, v) = |v|2x/2 if |v|x > R. This is because given k ∈ R
and a Lagrangian L satisfying (C1) − (C3), there exists a quadratic at infinity
Lagrangian L0 such that L = L0 on {EL ≤ k+ 1}, and in this case c(L) = c(L0),
see [12]. Under this additional assumption, for all (x, v) ∈ TM we have
A2|v|2x −A3 ≤ L(x, v) ≤ A4(1 + |v|2x),(2)
|Lv(x, v)| ≤ A5(1 + |v|x),(3)
where Ai, i = 2, . . . , 5 are positive constants.
On a compact Riemannian manifold of arbitrary dimension Contreras [12] showed
that a general uniformly convex Lagrangian L has a contractible periodic orbit
with energy k for almost every k ∈ (minEL, cu(L)), and for every k > cu(L) in
the case that M is simply connected. In [12] he also proved that if M 6= T2 and
the energy level E−1(k) is of contact type then E−1(k) contains a periodic orbit.
These existence results were generalized to many other cases including stable
energy levels [4] (or see [24, P. 122]), weakly exact magnetic flow [28, 6], oscillating
but not necessarily exact magnetic forms [7, 8], quadratic at infinity Lagrangians
with non-closed 1-form θx(v) = Lv(x, 0)v [33], infinitely many periodic orbits in
subcritical energy levels [1, 2, 9] and so on.
As observed in [22], periodic orbits of Lagrangian systems on a non-compact man-
ifold may not exist in general if there are no further restrictions on the geometry
or topology of a manifold even for the Lagrangian L(x, v) = |v|2x/2 rising from a
Riemannian metric, see also [42, 10]. The main motivation of this article is to ex-
tend Contreras’s existence results to convex Lagrangian systems on non-compact
Riemannian manifolds.
1.1. Main results.
Notation 1. For any subset U ⊂M and any ε > 0 we denote by
BU (ε) =
{
x ∈M |there is a point y ∈ U such that dM (x, y) < ε
}
the ε-neighborhood of U in M and by BU (ε) its closure, where the distance
function dM is induced by the Riemannian metric on M .
Definition 1. LetM be a complete Riemannian manifold. We call that a smooth
function L : TM → R is Lagrangian shrinking (denoted by L − shrinking) if
for every bounded set U ⊆M there is a compactK0 ⊆M , a positive number ε and
a smooth map1 ϕ : K = BK0(ε)→ K0 such that U ⊆ K0 and ϕ∗L ≤ L on TM |K ,
1A map defined on an arbitrary subset of a smooth manifold is said to be smooth if it can be
extended to a smooth map defined on an open neighborhood of this subset.
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i.e., for all x ∈ K and all v ∈ TxM , L(ϕ(x), dϕx(v)) ≤ L(x, v). Furthermore,
whenever K0 is a compact submanifold of M and the map
(4) ϕ|K0 : K0 −→ K0
is homotopic to the identity map on K0, we call that L is homotopically L −
shrinking.
By our convention BM (r) = M for all r > 0, so on any closed manifold M every
Lagrangian L : TM → R is (homotopically) L− shrinking (by taking ϕ = id and
K0 = M) . For more examples of (homotopically) L − shrinking Lagragians we
refer to Appendix 8.
Our main result is the following two theorems.
Theorem 1. Let M be a complete connected Riemannian manifold, and let L :
TM → R be a Lagrangian satisfying the conditions (1)–(3). If L is L− shrinking,
then for almost every κ ∈ (e0(L), cu(L)) the Lagrangian L has a contractible
periodic orbit of positive (L+ κ)-action with energy κ.
Previous existence results of periodic orbits on noncompact simply connected
manifolds are obtained in [22], but there only the existence of one periodic orbit
was considered. The following theorem complements those results under different
assumptions about the manifold and Lagrangians.
Theorem 2. Let M be a complete, simply connected and non-contractible Rie-
mannian manifold and let L : TM → R be a Lagrangian satisfying the conditions
(1)–(3). If L is homotopically L−shrinking, then for almost every k ∈ (cu(L),∞)
the Lagrangian L has a periodic orbit of positive (L+ k)-action with energy k.
Remark 2. Those periodic orbits as critical points of the functional Sk given in
Theorem 1 and Theorem 2 are not constant closed curves. Because any constant
closed curve x0 has energy EL(x0, 0) ≤ e0(L) but there each periodic orbit has
energy k > e0(L).
Compared to Contreras’s existence results in [12], our main contribution is to
overcome the difficulties caused by the non-compactness of the underlining mani-
fold. The key to prove Theorem 1 and Theorem 2 is to employ a modified version
of the classical minimax principal together with Strume’s monotone argument
(see [39]).
Conjecture. Under the assumptions of Theorem 1 (resp. Theorem 2) for every
k ∈ (e0(L), cu(L)) (resp. k ∈ (cu(L),∞)) the Lagrangian L has a contractible
periodic orbit of positive (L+ k)-action with energy k.
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1.2. Closed orbits of exact magnetic flows. Recall that an exact magnetic
flow is the flow of the Lagrangian
(5) L(x, v) =
1
2
|v|2x + θx(v)
which, in dimension two case, is a model for the motion of a particle under the
effect of a magnetic field, see [5, 30, 18, 40, 15]. It is obvious that e0(L) = 0
because EL(x, v) = |v|2x/2. It was proved by Contreras et al [15] that any exact
magnetic flow on a closed surface possesses periodic orbits in all energy levels.
Prior to this result Taimanov [40, 41] proved that for every k ∈ (e0(L), cu(L))
there exists a local minimizer of the free period action functional Sk for the elec-
tromagnetic Lagrangian (5) over the space of absolutely continuous periodic curves
on a closed surface. Very recently, Taimanov’s result was generalized to general
Tonelli Lagrangian systems on closed surfaces [9]. For more recent results about
the existence of periodic orbits of an exact magnetic flow on closed surfaces we
refer to [1, 2, 35, 36]. Except for these results very little is known about the case
of noncompact manifolds of arbitrary dimension.
A direct corollary of our main result is the following.
Corollary 3. Let M be a complete connected Riemannian manifold and let L :
TM → R be as in (5). Assume that L is L − shrinking with bounded ‖θ‖. Then
for almost every k ∈ (0, cu(L)) the energy level E−1L (k) contains a contractible
periodic orbit. If in addition M is simply connected and non-contractible and L
is homotopically L − shrinking, then for almost every k > cu(L) the Lagrangian
L has a periodic orbit with energy k.
Question. When does an exact magnetic flow possess a contractible periodic orbit
with energy k for every k ∈ (0, cu(L)) on a non-compact Riemannian manifold?
Let us recall that the magnetic flow of a pair (g, σ) on TM is dual to the Hamilton-
ian flow of H(x, p) = ‖p‖2/2 on T ∗M of M with respect to the twisted symplectic
form
ωσ = ω0 + π
∗σ
via the metric g onM [15, 18, 19], where σ is a closed 2-form onM , π : T ∗M →M
is the natural projection and ω0 is the standard symplectic form on T
∗M . So
in order to answer the above question one might appeal to the methods from
symplectic geometry, for instance, Floer theory. Indeed, for any symplectic form
σ on a closed manifold M , Usher [43] established the existence of contractible
magnetic geodesics for every low energy level using Floer theory based on previous
work of Ginzburg and Gu¨rel [20]. For more existence results of periodic orbits of
magnetic flows which are builded upon on Floer homology groups defined on the
cotangent bundle T ∗M we refer to [17, 21, 23, 29, 34]. But here it is unclear to
the author that how to define Floer homology on the cotangent bundle T ∗M of a
non-compact manifold M . We leave this question for further research.
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1.3. Existence and non-exsitence of closed geodesics on R×M . Let M be
a closed Riemannian manifold with a metric g. Consider the product Riemannian
manifold N = R×M with the metric
h(r, x) = dr2 + β(r, x)g(x) ∀(r, x) ∈ N,
where β : N → R is a smooth positive function.
Theorem 3 (Benci and Giannoni). If β is independent of the variable x ∈M
and β′ 6= 0 on R, then N does not possess a nonconstant closed geodesic.
For a proof of this theorem we refer to [10, Prop. 2.2].
Contrary to this non-existence result, if the positive function β takes a different
form then closed geodesics on N may occur. Indeed, we have the following.
Theorem 4. Let λ be a smooth positive monotone increasing function defined on
(0,∞). If β(r, x) = λ(|r|) outside [−R,R] ×M for some number R > 0, then N
has a nonconstant closed geodesic.
Proof. Note that Proposition 13 is the only place where the simply connected
condition is used in the proof of Theorem 2 (to make the minimax value d(k)
positive for k > cu(L)). For the Lagrangian L(z, v) = hz[v, v]/2 we have that
e0(L) = cu(L) = c(L) = 0. It is not hard to show that L is homotopically
L − shrinking, for a similar proof this fact we refer to Appendix 8. So it follows
from Corollary 3 that N has a nonconstant closed geodesic. 
Acknowledgements
The author is supported by NSFC 11701313 and the Fundamental Research Funds
for the Central Universities 2018NTST18 at Beijing Normal University.
2. The free period action functional and Hilbert manifolds
Let (M,g) be a m-dimensional complete Riemannian manifold without boundary.
Set T = R/Z. Consider the Sobolev space of loops
W 1,2(T,M) =
{
x : T→M ∣∣x is absolutely continuous and∫
T
|x′(t)|2x(t)dt <∞
}
,
where | · | is the norm induced by the metric g. The tangent space of W 1,2(T,M)
at x is naturally identified with the space ofW 1,2 sections of x∗(TM). W 1,2(T,M)
is a smooth Hilbert manifold equipped with the Riemannian metric as follows
〈ξ, η〉x := 〈ξ(0), η(0)〉x(0) +
∫
T
〈∇tξ(t),∇tη(t)〉x(t)dt ∀ξ, η ∈ TxW 1,2(T,M),
where ∇t denotes the Levi-Civita covariant derivative along x. Since M is com-
plete, W 1,2(T,M) is a complete Hilbert manifold, see [25, 31].
MINIMAX PERIODIC ORBITS 7
Denote M =W 1,2(T,M)× (0,∞) and define its metric as
(6)
〈
(ξ, α), (η, β)
〉
(x,T )
= αβ + 〈ξ, η〉x.
Then M is a smooth Hilbert manifold but not complete, see [12, 22]. Each point
(x, T ) ∈ M corresponds to the T -periodic curve γ(t) = x(t/T ). In the following
we denote by ‖ · ‖ the norm and by dM(·, ·) the distance function with respect to
the metric (6). For a compact subset K ⊆M we shall denote by
M(K) := {(x, T ) ∈ M∣∣x(T) ⊆ K}.
the subset of M.
Given k ∈ R, the free period action functional Sk :M−→ R is defined by
Sk(x, T ) =
∫ 1
0
TL
(
x(t),
x˙(t)
T
)
dt+ kT ∀(x, T ) ∈ M.
The functional Sk is in C1,1(M) and is twice Gaˆteaux differentiable at every point,
see [3, 4].
For any (ξ, α) ∈ T(x,T )M, the differential of the action functional Sk at (x, T ) is
computed as follows:
dSk(x, T )[ξ, α] =
∫ 1
0
{
TLx
(
x(t), x˙(t)/T
)
[ξ(t)] + Lv
(
x(t), x˙(t)/T
)
[ξ˙(t)]
}
dt
+α
∫ 1
0
{
k − EL
(
x(t), x˙(t)/T
)}
dt(7)
from which we see that (x, T ) is a critical point of Sk if and only if γ(t) = x(t/T )
is a periodic orbit of the Euler-Lagrangian equation (1) with EL(γ, γ˙) = k.
Remark 4.
∂Sk
∂T
(x, T )[α] = α
∫ 1
0
{
k − EL
(
x(t), x˙(t)/T
)}
dt =
α
T
∫ T
0
{
k − EL
(
γ(s), γ˙(s)
)}
ds,
where γ(s) = x(s/T ).
Lemma 5. If k ≥ cu(L) then Sk is bounded from below on each connected com-
ponent of M; If k < cu(L) then Sk is unbounded from below on each connected
component of M.
The proof of the above lemma can be found in [12, Lemma 4.1] or [22, Lemma 8].
We end up this section with the following lemma.
Lemma 6. Let p(s), s ∈ [0, 1] be a path in M connecting (x0, T0) to (x1, T1). If
‖p′(s)‖ ≤ δ for all s ∈ [0, 1] then dM (x0(T), x1(T)) ≤
√
1 + 2
√
6δ and |T1− T0| ≤
δ.
8 WENMIN GONG
Proof. Write p(s) = (xs(t), Ts). By definition for all s ∈ [0, 1] we have
(8) ‖p′(s)‖2 =
∣∣∣∣dTsds
∣∣∣∣2 + ∣∣∣∣∂xs(0)∂s
∣∣∣∣2
xs(0)
+
∫ 1
0
∣∣∇sx˙s(t)∣∣2xs(t)dt ≤ δ2
from which we get
|T1 − T0| =
∣∣∣∣ ∫ 1
0
dTs
ds
ds
∣∣∣∣ ≤ ∫ 1
0
∣∣∣∣dTsds
∣∣∣∣ds ≤ δ.
Set
G(t) :=
∫ 1
0
∣∣∣∣∂xs(t)∂s
∣∣∣∣2
xs(t)
ds.
To estimate G(t) we first note that G(0) < δ2 by (8), then we find that
G(t)−G(0) =
∫ t
0
d
dτ
G(τ)dτ
=
∫ t
0
∫ 1
0
d
dτ
∣∣∣∣∂xs(τ)∂s
∣∣∣∣2
xs(τ)
dsdτ
= 2
∫ t
0
∫ 1
0
〈
∇τ ∂xs(τ)
∂s
,
∂xs(τ)
∂s
〉
xs(τ)
dsdτ
= 2
∫ t
0
∫ 1
0
〈
∇sx˙s(τ), ∂xs(τ)
∂s
〉
xs(τ)
dsdτ.
Then by the Ho¨lder inequality and (8) we have
∣∣G(t)−G(0)∣∣ ≤ 2[ ∫ 1
0
∫ 1
0
∣∣∇sx˙s(τ)∣∣2xs(τ)dsdτ
] 1
2
[ ∫ t
0
∫ 1
0
∣∣∣∣∂xs(τ)∂s
∣∣∣∣2
xs(τ)
dsdτ
] 1
2
≤ 2δ
(∫ t
0
G(τ)dτ
) 1
2
.
Hence
(9) G(t) ≤ G(0) + 2δ
(∫ t
0
G(τ)dτ
) 1
2
≤ δ2 + 2δ
(∫ t
0
G(τ)dτ
) 1
2
.
Let
f(t) =
(∫ t
0
G(τ)dτ
) 1
2
.
Then by (9) we get
d
dt
f(t)2 ≤ δ2 + 2δf(t).
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To further estimate f(t) we borrow the trick from the proof of [12, Lemma 2.3]
as follows. Set
µ0 := sup
{
µ ∈ [0, 1]∣∣f(t) ≤ 2δ(t + 1
2
), ∀t ∈ [0, µ]}.
Then for all s ∈ [0, µ0] it holds that
d
dt
f(t)2 ≤ δ2 + 2δ · 2δ(t+ 1
2
) ≤ 4δ2(t+ 1),
hence
f(t)2 ≤ 4δ2
(
t2
2
+ t
)
,
f(t) ≤ 2δ
√
t2
2
+ t.
Note that
√
t2/2 + t < t + 1/2 for all t ≥ 0. This implies µ0 = 1. Therefore by
(9) for all t ∈ [0, 1] we have
G(t) ≤ δ2 + 2δf(t) ≤ (1 + 2√6)δ2.
Consequently,
dM(x0(t), x1(t)) ≤
∫ 1
0
∣∣∣∣∂xs(t)∂s
∣∣∣∣
xs(t)
ds ≤
(∫ 1
0
∣∣∣∣∂xs(t)∂s
∣∣∣∣2
xs(t)
ds
) 1
2
≤
√
1 + 2
√
6δ
which implies the lemma.

2.1. Modified minimax principal. In this section we shall give a slightly vari-
ant version of the general minimax principal developed by Palais [32] (or see [38,
Theorem 4.2]).
Let X be a C∞ Hilbert manifold and let f ∈ C1,1(X,R). We say that a flow
φt : X → X is positively complete if for every x ∈ X the map t 7→ φt(x) is defined
on [0,∞). Let F be a family of subsets of M . If there is another family F ′ of
subsets of M and a map Φ : F ′ → F such that φt(F ) ∈ F ′ for all F ∈ F and all
t ≥ 0 and that Φ(F ′) ⊆ {x ∈ X|f(x) < a} whenever F ′ ⊆ {x ∈ X|f(x) < a} for
all F ′ ∈ F ′ and all a ∈ R, we say that F is positively (φ,Φ)-invariant.
We remark here that whenever F = F ′ the property that F is positively (φ, Id)-
invariant is equivalent to say that F is positively φ-invariant in the usual sense
(see [38, 32]).
If f is a C1,1 function on a complete Hilbert manifold X, one can not guarantee
that the negative gradient flow of f is positively complete since in general ∇f
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is only a locally Lipschitz vector field. But if we rescale ∇f appropriately, for
instance, putting
Vf = − ∇f√
1 + ‖∇f‖2 ,
then the flow of Vf is positively complete. In fact, suppose that γ : [0, a) → X is
a solution of the equation
γ˙(t) = Vf (γ(t))
with γ(0) = p ∈ X. If a is finite, due to ‖Vf‖ < 1 the length of γ is finite, hence
the set γ([0, a)) is contained in a compact set of X because of the completeness
of X. So this solution of the above equation can be extended further if a is finite.
Theorem 5 (Modified minimax principle). Let X be a complete C∞ Hilbert
manifold and let f ∈ C1,1(X,R). Let φt be the flow of the vector field Vf defined
as above. Suppose that there is a family F of subsets of M which is positively
(φ,Φ)-invariant. If the number
c = c(f,F) := inf
F∈F
sup
x∈F
f(x)
is finite, then f has a (PS)c sequence. If in addition f satisfies the (PS)c condition,
then c is a critical value.
Proof. By contradiction, we assume that there is ε > 0 such that ‖df‖ ≥ ε on
{x ∈ X|c − ε ≤ f(x) ≤ c+ ε}. By definition, there is a subset F ∈ F such that
f(x) ≤ c+ ε ∀x ∈ F.
Let x ∈ F . If x ∈ F ∩ {x ∈ X|f(x) ≥ c− ε}, we find
f(x)− f(φt(x)) = −
∫ t
0
d
dt
f(φt(x))dt
= −
∫ t
0
df(φt(x))[Vf (φt(x))]dt
=
∫ t
0
‖∇f(φt(x))‖2√
1 + ‖∇f(φt(x))‖2
dt,(10)
hence f is non-increasing along the flow line of φt. If φ([0, T ] × {x}) ⊆ {x ∈
X||f − c| ≤ ε} then by (10) we have
f(φT (x)) ≤ f(x)− ε
2T√
1 + ε2
≤ c+ ε− ε
2T√
1 + ε2
.
So if T > 2
√
1 + ε2/ε then
(11) f(φT (x)) < f(x)− ε.
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If x ∈ F ∩{x ∈ X|f(x) < c−ε}, since f is non-increasing along the flow of Vf one
still have (11) for any T ≥ 0. Therefore by taking T > 2√1 + ε2/ε we conclude
that
φT (F ) ⊆
{
x ∈ X|f(x) < c− ε}.
Since F is positively (φ,Φ)-invariant, we have φT (F ) ∈ F ′ and
F ∋ Φ(φT (F )) ⊆
{
x ∈ X|f(x) < c− ε}
which contradicts the definition of the minimax value c. This completes the proof
of the theorem. 
Remark 7. In order to apply the generalized minimax principal, it is often useful
to rescale the gradient vector field ∇f in various forms to obtain the desired
positively complete flows. For example, a truncated flow fixing some sublevel of
f can be constructed as follows: let χ : R → R be a smooth bounded function
such that χ vanishes on (−∞, λ] and satisfies χ > 0 on (λ,∞), then the subset
{x ∈ X|f(x) ≤ λ} is invariant under the flow of the vector field
V χf =
χ(f)∇f
1 + ‖∇f‖2 .
Clearly, the flow of V χf is positively complete. Now if we assume that F is posi-
tively (φ,Φ)-invariant with this truncated flow and that λ < c(f,F), then through
a similar argument in the proof of Theorem 5 one can find a (PS)c sequence of f .
Remark 8. Although Theorem 5 is not used directly in this article, the basic idea
behinds this generalized minimax principal is the key to prove our main result.
In certain cases we believe that when using the minimax principal to geometric
problems the condition that the flow φt of a negative gradient vector field (or
pseudo-gradient vector field) is positively φ-invariant is unnecessary and could be
loosen by using the geometric or topological properties of the underlining manifold
itself.
3. The Palais-Smale condition
Let X be a C∞ Hilbert manifold and let f ∈ C1,1(X,R). Recall that a sequence
{xn} in X is said to be a PalaisSmale sequence at level c (simply denoted by
(PS)c) if limn→∞ f(xn) = c and limn→∞ ‖df(xn)‖ = 0. Here ‖ · ‖ is the norm
induced by the Riemannian metric on X. The function f is said to satisfy the
PalaisSmale condition at level c ((PS)c condition for short) if every (PS)c sequence
has a convergent subsequence.
Let K ⊆M be a compact set. We have the following Palais-Smale condition.
Proposition 9. If {(xn, Tn)}n∈N ⊂ M(K) is a (PS)c sequence for Sk with 0 <
D1 ≤ Tn ≤ D2 <∞, then this sequence has a convergent subsequence.
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Proof. By our assumption, Tn is bounded, so up to a subseqence we may assume
that {Tn} converges to T∗ > 0. It suffices to prove that {xn} has a convergent
subsequence in W 1,2. In what follows we will embed M isometrically in RN
(for N large enough) which is equipped with the Euclidean metric by the Nash’s
embedding theorem.
Since {(xn, Tn)}n∈N ⊂M(K) is a (PS)c sequence for Sk, by (2) we have
c+ o(1) = Sk(xn, Tn) = Tn
∫ 1
0
L
(
xn(t),
x˙n(t)
Tn
)
dt+ kTn
≥ A2
Tn
∫ 1
0
|x˙n(t)|2dt+
(
A3 − k
)
Tn
≥ A2
D2
∫ 1
0
|x˙n(t)|2dt− |A3 − k|D2(12)
from which we get that ‖x˙n‖L2 is bounded uniformly, where ‖ · ‖L2 denotes the
L2-norm with respect to the Riemannian metric on M . So {xn} is a bounded
sequence in W 1,2(T,M) due to xn(T) ⊆ K for all n ∈ N. Up to considering a
subsequence, we assume that there is x ∈W 1,2(T,M) such that
xn
n−→ x weakly in W 1,2 and strongly in L∞.(13)
In the following we will prove that {xn} converges strongly to x in W 1,2. Denote
π(z) : RN → TzM ∀z ∈M
the orthogonal projection onto TzM , and consider
wn(t) = π(xn(t))[xn(t)− x(t)].
Since π(z) is smooth with respect to z ∈M and the image of every xn belongs to
the compact set K, wn is bounded in TxnW
1,2. Since {xn} is a (PS)c sequence,
by (7) taking (ξ, α) = (wn, 0) implies
(14)
∫ 1
0
{
TnLx(xn(t), x˙n(t)/Tn)[wn] + Lv(xn(t), x˙n(t)/Tn)[w˙n]
}
dt = o(1).
If x ∈ K then |Lx(x, v)| ≤ C(K)|v|2 for some constant C(K) > 0. Hence,∣∣Lx(xn(t), x˙n(t)/Tn)[wn(t)]∣∣ ≤ C(K)( |x˙n|2xn
T 2n
+ 1
)
|wn(t)|xn(t).
Since ‖x˙n‖L2 is bounded uniformly and wn uniformly converges to zero, we con-
clude that the first integral in (14) is infinitesimal. So we have
(15)
∫ 1
0
Lv(xn(t), x˙n(t)/Tn)[w˙n(t)]dt = o(1).
Set
(16) un(t) = π
⊥(xn(t))[xn(t)− x(t)]
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where π⊥(z) = id− π(z) : RN → TzM , then we get
(17) xn − x = wn + un.
The convexity hypothesis (C1) about the Lagrangian implies that
Lv(xn(t), x˙n(t)/Tn)[x˙n(t)− x˙(t)]− Lv(xn(t), x˙(t)/Tn)[x˙n(t)− x˙(t)]
=
1
Tn
∫ 1
0
Lvv
(
xn(t),
x˙n(t)
Tn
+ s
x˙n(t)− x˙(t)
Tn
)[
x˙n(t)− x˙(t), x˙n(t)− x˙(t)
]
ds
≥ A1
Tn
|x˙n(t)− x˙(t)|2.(18)
By (3), Lv(xn(t), x˙(t)/Tn) converges strongly in L
2. So the fact that x˙n(t)− x˙(t)
converges weakly to zero in L2 implies that
(19)
∫ 1
0
Lv(xn(t), x˙(t)/Tn)[x˙n(t)− x˙(t)]dt = o(1).
Combining (15)–(19) yields
o(1) +
∫ 1
0
Lv(xn(t), x˙n(t)/Tn)[u˙n]dt ≥ A1
Tn
∫ 1
0
|x˙n(t)− x˙(t)|2dt.
By (3), Lv(xn(t), x˙n(t)/Tn) is uniformly bounded in L
2 due to the boundedness of
‖x˙n‖L2 . Therefore to prove that {xn} converges strongly to x in W 1,2, it suffices
to prove that u˙n converges strongly to 0 in L
2. It follows from (16) that
(20) u˙n(t) = π
⊥
(
xn(t)
)[
x˙n(t)− x˙(t)
]
+ dπ⊥
(
xn(t)
)[
x˙n(t)
][
xn(t)− x(t)
]
.
Using (13) and the assumption that xn(T) ⊂ K for all n we deduce that
(21) dπ⊥
(
xn(t)
)[
x˙n(t)
][
xn(t)− x(t)
] n−→ 0 strongly in L2
and
(22) π⊥
(
xn(t)
)[
x˙n(t)− x˙(t)
]
= −π⊥(xn(t))[x˙(t)] n−→ 0, strongly in L∞,
where we have used π⊥
(
x(t)
)[
x˙(t)
]
= 0 because x˙(t) ∈ Tx(t)M for all t ∈ T. By
(20)–(22) we have that ‖u˙n‖L2 tends to 0. This completes the proof.

The following lemma, which was observed first by Contreras [12], asserts that the
only place where a (PS)c sequence (xn, Tn) with Tn → 0 fails to have a convergent
subsequence is the level zero.
Lemma 10. Suppose that L is quadratic at infinity. Let {(xn, Tn)}n∈N be a (PS)c
sequence of Sk which satisfies Tn → 0 as n→∞. Then c = 0.
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Proof. By the definition of (PS)c sequence and (7), we have that
(23) o(1) =
∂Sk
∂T
(xn, Tn) =
∫ 1
0
{
k − EL
(
xn(t), x˙n(t)/Tn
)}
dt.
The assumption that L is quadratic at infinity and the boundedness (C3) of L
imply
|L(x, v)| ≤ a0(|v|2x + 1)(24)
EL(x, v) ≥ a1|v|2x − a2(25)
for some positive constants a1, a2 and a3. It follows from (23) and (25) that
(26) k + o(1) ≥
∫ 1
0
(
a1
|x˙n(t)|2
T 2n
− a2
)
dt.
Since {(xn, Tn)} is a (PS)c sequence, by (24) we have
(27) |c|+ o(1) = |Sk(x, T )| ≤ Tn
∫ 1
0
a0
( |x˙n(t)|2
T 2n
+ 1
)
dt+ kTn.
Combining (26) and (27) implies c = 0 provided that Tn tends to zero. This
completes the proof.

4. The geometry of Sk on the space of loops in a compact set
4.1. The mountain pass geometry. In this section we show that the action
functional Sk on the space of loops supported in a compact set has the structure
of “mountain pass geometry”. The proof of such a fact is based on a locally
quadratic isoperimetric inequality presented in the following.
Lemma 11 ([12]). Let θ be a smooth 1-form on M . Let x0 ∈M and let U ⊂M
be an open subset centered at x0 whose closure is diffeomorphic to a closed ball in
R
m. Then there exists a number µ > 0 such that if γ is a closed curve in U then
(28)
∣∣∣∣ ∫ 1
0
γ∗θ
∣∣∣∣ ≤ µℓ(γ)2,
where ℓ(γ) denotes the length of any curve γ in M .
For the proof of this lemma we refer to [12, Lemma 5.1].
Proposition 12. Let K be a compact set in M and let k > e0(L). If p : [0, 1]→
M(K) is a continuous path connecting any constant loop (x0, T ) with x0 ∈ K to
a loop in K satisfying Sk(p(1)) < 0, then there is a number a = a(K) such that
sup
s∈[0,1]
Sk(p(s)) > a > 0.
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Proof. Write p(s) = (xs, Ts), and consider the 1-form on M defined by
(29) θ(x)[v] := Lv(x, 0)[v] ∀v ∈ TxM.
Since K is compact in M , there are finitely many open subsets Uj, j = 1, . . . , n
which cover M such that for every j the inequality (28) holds for the 1-form given
by (29) with some number µj(K) > 0 provided that γ is in Uj . Let U˜j = Uj ∩K
for all j, and let δ be a Lebesgue number for this covering of K.
Set µ = inf µj(K). In the following we will show that if Sk(x1, T1) < 0 then
(30) ℓ(x1) ≥ min
{
δ,
√
A1(k − e0(L))√
2µ
}
=: d.
If ℓ(x1) ≥ δ then (30) holds clearly. If ℓ(x1) < δ then by the definition of the
Lebesgue number there exists some j ∈ {1, 2, . . . , n} such that x1 is contained in
U˜j and thus in Uj.
From our assumption about L we deduce that
L(x, v) = L(x, 0) + Lv(x, 0)[v] +
1
2
Lvv(x, sv)[v, v]
≥ A1
2
|v|2x + θ(x)[v]− EL(x, 0),(31)
where the number s = s(x, v) ∈ [0, 1] in the first equality is given by the Taylor
expansion. Then by (31) we have
0 > Sk(x1, T1) ≥ T1
∫ 1
0
{
A1
|x˙1(t)|2
2T 21
+
1
T1
θ(x1(t))[x˙1(t)]
}
dt+ T1
(
k − EL(x1, 0)
)
≥ A1
2T1
ℓ(x1)
2 − µℓ(x1)2 + T1
(
k − e0(L)
)
(32)
which, together with k > e0(L), implies that T1 >
A1
2µ and that
ℓ2(x1) >
T1(k − e0(L))
µ
>
A1(k − e0(L))
2µ2
.
So in this case we still have (30).
Note that the length of every constant loop is zero. Fixing r ∈ [0, d], by the
continuousness of ℓ(xs) with respect to s ∈ [0, 1] there exists some s0 ∈ [0, 1] such
that ℓ(xs0) = r.
By (32) we find that
Sk(p(s0)) ≥
√
2A1(k − e0(L))ℓ(xx0)− µℓ(xs0)2
=
√
2A1(k − e0(L))r − µr2 =: a.(33)
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Then a > 0 because for r ∈ [0, d] it holds that
r ≤
√
A1(k − e0(L))√
2µ
<
√
2A1(k − e0(L))
µ
.

4.2. The simply-connected case. Suppose thatM is simply connected. In this
case we have that c(L) = cu(L), see [16, 11]. Let K be a compact submanifold
of M such that πn+1(K) 6= 0 for some n ≥ 0. Using the tubular neighborhood
theorem one can see that the inclusions
C∞(T,K) →֒ M(K) →֒ C0(T,K)
are homotopy equivalences.
Due to the isomorphism πn(C
0(T,K)) ∼= πn+1(K), there exists a homotopically
non-trivial free class
0 6= H ∈ [Sn, C0(T,K))] ∼= [Sn,M(K)]
Consider the family of subsets in M
GK =
{
g(Sn)
∣∣g ∈ C0(Sn,M(K)) and [g] = H}.
Proposition 13. If k > cu(L), then
d(k) := inf
g(Sn)∈GK
sup
(x,T )∈g(Sn)
Sk(x, T ) > 0.
Proof. Since H is non-trivial and K is compact, by [25, Theorem 2.1.8] we have
that
l := inf
g(Sn)∈GK
sup
(x,T )∈g(Sn)
ℓ(x) > 0.
If (x, T ) ∈ M is a loop with ℓ(x) ≥ l and Sk(x, T ) ≤ A for some number A > 0,
then by (2) we have that
A ≥ Sk(x, T ) ≥A2
∫ T
0
|x˙(t)|2dt−A3T + kT
≥A2 ℓ(x)
2
T
− (A3 − k)T,
where we have required that A3 ≫ k. Due to ℓ(x) ≥ l we have that
AT + (A3 − k)T 2 −A2l2 ≥ 0.
It follows that
T ≥ −A+
√
A2 + 4A2(A3 − k)l2
2(A3 − k) =: T > 0.
So we have that
Sk(x, T ) = Sc(L)(x, T ) + (k − c(L))T ≥ (k − c(L))T > 0
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for k > c(L) = cu(L). By definition, there exists g(S
n) ∈ GK such that
sup
(x,T )∈g(Sn)
Sk(x, T ) ≤ d(k) + 1.
Let A = d(k) + 1. Then the above argument shows that the minimax value d(k)
is strictly positive. 
5. The properties of L − shrinking Lagrangians
LetM be a complete Riemannian manifold and let L : TM → R be a L−shrinking
Lagrangian. Suppose that U is bounded subset of M . By definition, there exists
a compact set K0, a positive number ε and a smooth map
ϕ : K := BK0(ε)→ K0
such that U ⊆ K0 and ϕ∗L ≤ L on TM |K .
Consider the map
ΦK :M(K) −→M(K0), ΦK(x, T ) = (ϕ(x), T ),
where ϕ(x)(t) := ϕ(x(t)). Since ϕ∗L ≤ L on TM |K , for any c ∈ R we have
(34) ΦK
(M(K) ∩ {Sk ≤ c}) ⊆M(K0) ∩ {Sk ≤ c}.
Moreover, whenever L is homotopically L − shrinking, one can define the map
Ψ : C0(Sn,M(K)) −→ C0(Sn,M(K0)),
g0(z) = ΦK(g(z)) ∀z ∈ Sn, ∀ g ∈ C0(Sn,M(K))
for all n ∈ N. It follows from (4) that if we restrict Ψ to the set C0(Sn,M(K0))
then it induces the identical map on the set of free homotopy classes [Sn,M(K0)].
6. The proof of Theorem 1
In this section we will apply a modified minimax principal to show the existence
of periodic orbits with low energies.
If k < cu(L), by definition there exists a contractible loop γ(t) = x(t/T ) such that
Sk(x, T ) < 0.
Since the contractible component of M is connected, there is a continuous path
p : [0, 1] →M connecting a constant loop to γ. Denote the union of the images
of each loop p(s) by W , i.e.,
W =
⋃
s∈[0,1]
xs(T),
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where p(s) = (xs, Ts) ∈ M. It is clear that W is a compact subset in M . Then,
due to the fact that L is L − shrinking, by definition there exists a compact set
K0, a positive number ε and a smooth map
ϕ : K := BK0(ε)→ K0
such that W ⊆ K0 and ϕ∗L ≤ L on TM |K .
Consider a family of subsets in M
FK =
{
p([0, 1])
∣∣ p ∈ C0([0, 1],M(K)), p(0) is a constant loop in K and
p(1) is a loop in K satisfying Sk(p(1)) < 0
}
.
In a similar vein we define FK via replacing K by K0. By our choice of K and
K0 it holds that ∅ 6= FK0 ⊆ FK . It follows from (34) that ϕ induces a map
(35) ΦK : FK → FK0 .
Now we consider the minimax value
(36) c(k) = inf
(x,T )∈F
sup
F∈FK0
Sk(x, T ).
By virtue of Proposition 12, if k ∈ (e0(L), cu(L)) then c(k) > 0.
Set I = (e0(L), cu(L)). Since for each loop γ the function k 7→ Sk(γ) is non-
decreasing, the function k 7→ c(k) is non-decreasing. By the Lebesgue’s theorem
there is a full measure subset in I which is given by
J =
{
k ∈ I∣∣∃D > 0, ∃ǫ0, ∀|ǫ| < ǫ0 such that |c(k + ǫ)− c(k)| < D|ǫ|}.
In the following we will use a modified minimax principal to show
Lemma 14. If κ ∈ J , then Sκ has a (PS)c(κ) sequence of contractible loops in K
with uniformly bounded periods.
The proof of Lemma 14. Let {kn}n∈N be a sequence with kn ≥ κ and limn→∞ kn =
κ. Set ηn = kn− κ < 1. Then (36) implies that for every n there exists Fn ∈ FK0
such that
max
(x,T )∈Fn
Skn ≤ c(kn) + ηn.
If (x, T ) ∈ Fn ∩
{
(x, T ) ∈ M|Sκ(x, T ) > c(κ) − ηn
}
, then for sufficiently large n
due to κ ∈ J we have that
T =
Skn(x, T )− Sκ(x, T )
kn − κ ≤
c(kn) + ηn − c(κ) + ηn
ηn
≤ D + 2
and that
Sκ(x, T ) ≤ Skn(x, T ) ≤ c(kn) + ηn ≤ c(κ) + (D + 1)ηn.
Denote
Bn =
{
(x, T ) ∈ M(K0)
∣∣ T ≤ D + 2 and Sκ(x, T ) ≤ c(κ) + (D + 1)ηn}.
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The above argument shows that
(37) Fn ⊆ Bn ∪
{
(x, T ) ∈ M(K0)
∣∣Sκ(x, T ) ≤ c(κ) − ηn}.
Let τ > 0 be a parameter (to be determined later) and let ρ : R → [0, τ ] be a
smooth function such that
ρ(t) =
{
τ, if t ∈ [ c(κ)2 ,∞),
0, if t ∈ (−∞, c(κ)4 ).
Set
X = − ρ(Sκ)∇Sκ√
1 + ‖∇Sκ‖2
.
Let φt be the flow of X on M. Although M is not complete, φt is positively
complete because the sublevel set {(x, T ) ∈ M|Sκ(x, T ) ≤ c(κ)/4} is invariant
under this flow and X is bounded.
Moreover, by Lemma 6, the fact that ‖X‖ ≤ τ implies that for every F ∈ FK0 the
images of all loops in φ1(F ) are contained in BK0(Cτ), where C =
√
1 + 2
√
6.
Fix 0 < τ < ε/C. Since BK0(ε) ⊂ K and Sκ is non-increasing along the flow line
of φt, by (37) and Lemma 6 we have that
(38) φ1(FK0) ⊆ FK
and that
(39) φ([0, 1] × Fn) ⊆ Qn ∪
{
(x, T ) ∈ M(K)∣∣Sκ(x, T ) ≤ c(κ)− ηn},
where Qn :=
{
(x, T ) ∈ M(K)∣∣ T ≤ D + 2 + τ and Sκ(x, T ) ≤ c(κ) + (D + 1)ηn}.
In the following we shall show that there exists a sequence of contractible loops
(xn, Tn) ∈ M(K) such that
(xn, Tn) ∈ φ([0, 1] × Fn) ∩ {Sκ ≥ c(κ)− ηn},
‖dSκ(xn, Tn)‖ n−→ 0.
By (39) such a sequence of loops in K has uniformly bounded periods Tn.
Arguing by contradiction, we assume that there exists 0 < δ < 1 such that
‖dSκ‖ ≥ δ on φ([0, 1] × Fn) ∩ {Sκ ≥ c(κ) − ηn}
for sufficiently large n. For c(κ) > 0 we further require that c(κ) − ηn ≥ c(κ)/2.
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For any (x, T ) ∈ Fn, if φ([0, 1] × {(x, T )}) ⊆ {Sκ ≥ c(κ) − ηn} then we have
Sκ(φ1(x, T )) = Sκ(x, T ) +
∫ 1
0
d
ds
Sκ(φs(x, T ))ds
= Sκ(x, T )−
∫ 1
0
ρ(Sκ)‖∇Sκ‖2√
1 + ‖∇Sκ‖2
(φs(x, T ))ds
≤ c(κ) + (D + 1)ηn − τδ
2
√
1 + δ2
,
consequently, for n large enough we have
(40) Sκ(φ1(x, T )) ≤ c(κ)− ηn.
Since Sκ is non-increasing, for (x, T ) ∈ Fn ∩ {Sκ ≤ c(κ) − ηn} we still have (40).
So we have that
max
(x,T )∈φ1(Fn)
Sκ(x, T ) ≤ c(κ) − ηn.
Then it follows from (34) and (38) that
max
(x,T )∈ΦK(φ1(Fn))
Sκ(x, T ) ≤ c(κ) − ηn
which obviously contradicts the definition of c(κ) because ΦK(φ1(Fn)) ⊂ FK0 by
(35) and (38). This completes the proof of the claim.

The proof of Theorem 1. By Lemma 14, for almost every κ ∈ (e0(L), cu(L)) there
exists a Palais-Smale sequence of loops (xn, Tn) in some compact subset K ⊆ M
for Sκ with uniformly bounded Tn at level c(κ). Since c(κ) > 0 by Proposition 12,
it follows from Lemma 10 that Tn is bounded away from zero. So there are two
numbers D1 and D2 such that
0 < D1 ≤ Tn ≤ D2 <∞.
Finally, by Proposition 9 we conclude the desired result.

7. The proof of Theorem 2
In this section we prove the existence of periodic orbits with high energies in the
case that M is simply connected.
The proof of Theorem 2. M is non-contractible so there exists a homotopically
non-trivial map f ∈ C0(Sn+1,M) for some n ≥ 0, see [37, p.405, Cor.24]. Since
MINIMAX PERIODIC ORBITS 21
f(Sn+1) is a compact set in M and L is homotopically L− shrinking, there exists
a compact submanifold K1, a positive number ε and a smooth map
ϕ : K := BK1(ε)→ K1
such that f(Sn+1) ⊆ K1 and ϕ∗L ≤ L on TM |K , and that ϕ is restricted to a
map homotopic to id on K1. Clearly, πn+1(K1) 6= 0 because f is homotopically
trivial in M if it is in K1. So there exists a homotopically non-trivial free class
0 6= H ∈ [Sn, C0(T,K1))] ∼= [Sn,M(K1)]
Consider the family of subsets in M
GK1 =
{
g(Sn)
∣∣g ∈ C0(Sn,M(K1)) and [g] = H}.
It follows from Proposition 13 that for all k > cu(L) we that
d(k) := inf
g(Sn)∈GK1
sup
(x,T )∈g(Sn)
Sk(x, T ) > 0.
Next we show
Lemma 15. For almost every k ∈ (cu(L),∞), Sk has a (PS)d(k) sequence of
contractible loops in K with uniformly bounded periods.
The proof of Lemma 15 is similar to that of Lemma 14, so we will only give a sketch
of it. Firstly, using the Strume’s argument [39], for almost every k ∈ (cu(L),∞)
one can find a sequence of subsets gl(S
n) ∈ GK1 , l ∈ N such that
gl(S
n) ⊆ Pn ∪
{
(x, T ) ∈ M(K1)
∣∣Sκ(x, T ) ≤ c(κ)− ηl},
where ηl ≥ 0 is infinitesimal, and Pn is a subset of M whose elements have
uniformly bounded periods and (L + k)-actions. Then we rescale the negative
gradient vector field ∇Sk suitably to a positively complete and bounded vector
field onM so that φ([0, 1]×gl(Sn)) ⊂M(K) by virtue of Lemma 6, where φ(t, ·)
denotes the flow of this rescaled vector field.
Next, we show that there exists a sequence of contractible loops
(xl, Tl) ∈ φ([0, 1] × gl(Sn)) ∩ {(x, T ) ∈M(K)
∣∣Sk ≥ d(k) − ηl}
with uniformly bounded Tl such that ‖dSk(xl, Tl)‖ l−→ 0. To do this, by contradi-
cion we argue as before and deduce that
max
(x,T )∈φ1(gl(Sn))
Sk(x, T ) ≤ d(k)− ηl
for sufficiently large l. Fix such an integer l. The properties of homotopically
L − shrinking Lagrangian show that
(41) max
(x,T )∈ΦK◦φ1(gl(Sn))
Sk(x, T ) ≤ d(k) − ηl.
Observe that ΦK◦φ1◦gl representsH. This is because in the space C0(Sn,M(K1))
ΦK ◦φ1◦gl is homotopic to ΦK ◦gl by ΦK ◦φt◦gl, t ∈ [0, 1] and ΦK◦gl is homotopic
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to gl by (4), see Section 5. So (41) is in contradiction with the definition of the
minimax value d(k).
Finally, we proceed the proof exactly as in the proof of Theorem 1 by replacing
Proposition 12 with Proposition 13. This completes the proof of the theorem.

8. Appendix: Examples of homotopically L − shrinking Lagrangians
Example 16. Let M be a closed Riemannian manifold with the metric g. Let
λ ∈ C∞([0,∞),R) be a positive and monotone increasing function and let φ be a
positive function on M . Consider M˜ = Rk ×M , where k ≥ 1. Define the metric
on M˜ as
g˜(x, y) = φ(y)gRk(x) + λ(|x|2)g(y) ∀(x, y) ∈ M˜,
where | · | is the norm with respect to the standard inner product on Rk. Let θ
be a smooth 1-form on M and let π : M˜ →M be the projection map. Define the
Lagrangian L : TM˜ → R by
L(z, v) =
1
2
g˜z[v, v] +
(
π∗θ
)
z
[v] ∀z ∈ M˜ and ∀v ∈ TzM˜.
Then L is homotopically L − shrinking. In fact, for every compact set K ⊂ M˜
there is a number r0 = r0(K) > 0 such that K ⊂ B0(r0) ×M . In the spherical
polar coordinate (r,Θ) ∈ (0,∞)×Sk−1 on Rk the standard metric can be written
as gRk = dr
2 + r2β with the standard metric β on the unit sphere Sk−1. Let
r0 < r1 < r2. Now we take a positive function f ∈ C∞([0,∞),R) such that
f(r) = r on [0, r0], f
′ < 1 on [r1,∞), 0 < f ′ ≤ 1 and limr→+∞ f(r) = +∞.
Define the map
ϕ : B0(r2) \ {0} ×M −→ B0
(
f(r2)
)×M, (r,Θ, y) 7−→ (f(r),Θ, y)
and extend this map to a map (also denoted by ϕ) defined on B0(r2) ×M by
letting ϕ = id on {0} ×M . Clearly, ϕ is smooth map which satisfies ϕ∗L ≤ L on
TM |B0(r2)×M . So due to ε := r2− f(r2) > 0 we conclude that L is homotopically
L − shrinking.
Example 17. If each Lagrangian Li : TMi → R, i = 1, . . . , k is (homotopically)
L− shrinking, then L =∑i π∗i Li is (homotopically) L− shrinking for the product
Riemannian manifold M =
∏
iMi, where πi is the projection map from M to Mi.
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